ABSTRACT Boundary control to damp the undesirable vibrations in a Timoshenko beam is considered. For this purpose, controllability and wellposedness of the system are examined. Performance index is defined with regards to the dynamic response of the beam that is defined as a weighted quadratic functional of the displacement and the velocity at terminal time and expenditure of the control energy added as a penalty term. In order to obtain the optimal control function, an adjoint variable satisfying the adjoint equation corresponding to state equation is introduced. The maximum principle is formulated and optimal control function is obtained. Also, by using maximum principle, control problem is transformed into solving a system of partial differential equations including state and adjoint variables with initial, boundary and terminal conditions. MATLAB is used to obtain the solution of the system. Numerical results are given in tables and graphical forms.
Introduction
Beams are important structural elements for a rich array of applications spanning many fields as engineering, aerospace, meteorology, nano-techonology, etc. In the literature, Timoshenko and Euler-Bernoulli beam models are two well-known beam models. If the cross-section dimension of the beam is negligible in comparison with its length, the transversal vibration of an elastic beam is described by the Euler-Bernoulli beam equation [13] . But, due to ignoring some effects like shear deformation and rotary inertia in Euler-Bernoulli beam models, it is not suitable for all beam models. The equations of motion for a thick beam that include the effects of shear deformation and rotary inertia were first derived in two papers by Timoshenko in 1921 [4] . Two essential aspects of Timoshenko's beam theory are the treatment of shear deformation by the introduction of a mid-plane rotation variable and use of shear correction factor [4] . The Timoshenko model is a principle advancement for non-slender beams and for high-frequency responses where shear or rotary effects are not unimportant [3] . Control of the Timoshenko beams is also active research area due to undesirable vibrations leading to instability in structures. The common feature of the studies existing in the literature is that these studies deal with the Timoshenko beam modelled by a set of second order differential equations. Timoshenko beam models are generally expressed in the system of PDEs which consists of the rotation angle, displacement and their derivatives with respect to the space and time variable. The models proposed in the majority of the papers which are about these models do not satisfy the Einstein's causality [14] , [9] . Einstein's causality principle requires that none of the signal can go faster than the velocity of light in vacuum .This is one of the most essential principles of modern physics, and any general model, which is supposed to be applicable at the complete frequency band, must satisfy it [8] . To coincide with Einstein's causality, a partial differential equation that governs dynamic behavior of a model must be of the same order with respect to the spatial coordinate and with respect to time. In 2006, Metrikine proposed a causal model and this model was shown to be governed by equation of exactly the same form as the governing equation of the Timoshenko-beam model and Mindlin-rod mode. In this paper, the Timoshenko beam model applied an enhancement is considered. The basic consideration behind the enhancement is that higher order spatial derivatives in Timoshenko beam model must be accompanied by higher order time derivatives [8] . In [11] , the casual model of Metrikine (2006) is demonstrated. Since this model is of the order four with respect to time, this term makes the model casual. Introducing a Timoshenko beam in a single PDE leads to a fourth order PDE with respect to the time variable. The original contribution to literature is that the present paper is dealing with the vibration control by maximum principle of a Timoshenko beam, modeled as an equation including the derivatives of the state variable with respect to the time variable at the fourth order. The extended version of this work is to be published in [6] .
Mathematical Formulation of the Control Problem
In this study, simply supported Timoshenko beam is taken into account to suppress the undesirable vibrations. The motion equation of the considered beam is given by [11] :
in which w = w(x, t) is the transversal displacement at (x, t) ∈ S = (0, ) × (0, t f ) is the space variable and the time variable, respectively, is the length of the beam, t f is the predetermined terminal time, c 2 = E ρ , ρ is line density, E is Young's modulus, N is a constant, L is the size of the unit cell. Eq.(1) subjected to the following boundary conditions
where f (t) is the control function to be determined, and initial conditions
It is assumed that on the solution;
where L 2 (S) denote the Hilbert space of real-valued square-integrable functions defined in the domain Ω in the Lebesque sense with usual inner product and norm defined by
Under these assumptions, the system Eqs. (1)- (3) has a solution in the class of analytic functions [15] . Also, Eqs.
(1)-(3) can be reduced to ordinary differential equation and hence it is shown by means of Linear Picard-Lindelof Existence-Uniqueness theorem that Eqs. (1)- (3) has a solution. For the uniqueness of solution to Eqs. (1)- (3), let us introduce following lemma.
Lemma 1 w(x, t), w ε (x, t) are state functions that satisfy the system given by Eqs.
(1)-(3) corresponding to the control functions f (t) and F ε (t), respectively. Difference function is defined by ∆w(x, t) = w(x, t) − w ε (x, t). Note that ∆w(x, t) satisfies the following equation
and following boundary conditions
also, zero initial conditions
and
in which o(ε) is a quantity such that lim
Proof 1 Let the energy integral be given by [5] , [7] 
After differentiating E(t) with respect to t, one obtains following equality by using integration by parts and homogeneous boundary conditions Eq.(4);
Applying the Cauchy-Schwartz inequality to the space integral, it is observed as follows;
Taking the sup of the both sides of the last integral leads to
where O(r) is a quantity such that
By means of Eq. (10), the following inequality is observed
Because 5/4 > 0 [12] , the following equality is obtained
Because the coefficients of Eq. (4) are bounded away from zero, the conclusion of the Lemma 1 is obtained from Eq.
. It is concluded from Lemma 1 that
∆w(x, t) = 0 Namely, the system defined by Eqs. (1)- (3) has a unique solution.
By taking Lemma 1 into account, w is unique solution to the system defined by Eqs. (1)- (3). In the light of this information, the corresponding control function f must be unique to preserve the uniqueness of the w. Since the system has a unique solution and unique control function, the system is called observable. According to Hilbert uniqueness method, observable is equal to the controllable [2] , [10] . Namely, the system is controllable. The aim of the optimal control problem is to determine an optimum control function f o (t) which minimizes the dynamic response of the beam at a predetermined terminal time t f . Therefore, the performance index is defined by the weighted dynamic response of the beam and the expenditure of the control voltage spent in control duration. The set of admissible control functions is given by
and the performance index of the controlled system is defined as follows;
where µ 1 , µ 2 ≥ 0, µ 1 + µ 2 = 0 and µ 3 > 0 are weighting constants. The first integral in Eq. (11) is the modified dynamic response of the beam and last integral represents the measure of the total voltage energy that accumulates over (0, t f ). The optimal control of the beam is expressed as
subject to the Eqs. (1)-(3) . In order to achieve to maximum principle, let us define the adjoint variable, ν ∈ S , which is dual to S and has the same inner product and norm like in S. Also, ν satisfies adjoint system corresponding to as follows;
and subject to the following boundary conditions
and terminal conditions
A maximum principle in terms of Hamiltonian functional is derived as a necessary condition for the optimal control function. It is proved in [1] that under some convexity assumption, which are satisfied by Eq. (11), on performance index function, maximum principle is also sufficient condition for the optimal control function. The maximum principle gives an explicit expression for the optimal control function and relates the optimal control to the state variable implicitly. Then, the maximum principle can be given as follows:
Theorem 1 If the optimal control f • (t) ∈ f ad satisfies the following maximization problem
where the Hamiltonian is given by the equation
Proof 2 Introduce an operator and deviations as follows, respectively;
The operator satisfies the equality Ψ(∆w) = 0 and is subjected to following boundary conditions ∆w(0, t) = ∆w(1, t) = 0, ∆w xx (0, t) = ∆w xx (1, t) = ∆f (t) (15) and initial conditions ∆w(x, 0) = ∆w t (x, 0) = 0 ∆w tt (x, 0) = ∆w ttt (x, 0) = 0 (16)
Consider the following relation:
Integrations by parts of I, II, III, IV, V and combining these five parts, after using the terminal conditions given by Eq. (14) and Eqs. (15)- (16), we obtain
Now focus on the difference of the performance index functional
Expanding the terms w 2 (x, t f ) and w 2 t (x, t f ) by using Taylor series about w
• (x, t f ) and w
Since 2µ 1 r 1 + 2µ 2 r 2 ≥ 0, we obtain
Taking the first variation of the H(t; ν • , f • ) gives the optimal control function as follows;
Numerical Results and Discussions
In this section, theoretical results obtained in previous sections are presented in a table form. The solution of the system of partial differential equation including Eqs. (1)- (3) and Eqs. (12)- (14) is found by using MATLAB. In the simulations, the predetermined terminal time is taken as t f = 3. The values of the displacement and velocity of the Timoshenko beam are calculated at the midpoint of the beam x = 0.5. The response of the Timoshenko beam is examined subject to the following initial conditions;
w(x, 0) = 0, w t (x, 0) = √ 2 sin(πx),
The two functionals defining the dynamic response of the beam and the accumulated control over [0, t f ] are introduced as and used control accumulates over (0, t f );
respectively. Note that Eq.(17) is corresponding to the Eq.(11) in case of µ 1 = µ 2 = 1 and µ 3 = 0. The dynamic response, J D and the total control J C are tabulated for different values of µ 3 . The structural behaviour of the beam is also presented in the graphs where the controlled and the uncontrolled displacement and velocities are compared.
It is observed from the Table 1 that as the weighting factor µ 3 decreases, the dynamic response of the beam decreases while the corresponding control expenditure increases. In Fig. 1 and Fig. 2 
Conclusion
In this study, Maximum Principle is used for studying optimal boundary control for a Timoshenko beam. The functional for the performance index involves the displacement and velocity of the Timoshenko beam and performance index functional also includes a quadratic functional of the control as a penalty term. Analytic solutions of the problem are obtained by means of an adjoint variable satisfying the adjoint equation corresponding to state equation. By using the derived maximum principle, the Hamiltonian states in terms of an adjoint variable and also optimal control problem is transformed to solve a system of partial differential equations including state and adjoint variables, which are linked by terminal-boundary and initial conditions. The solution of this system is obtained by MATLAB. The results are presented in a table form to show the strength of the boundary control. By observing results, it is found that boundary control for depressing the undesirable vibrations in a Timoshenko beam is very effective and it can be utilized for vibration control of the other Timoshenko beam models.
